Matrix models are proposed as nonperturbative formulations of superstring theory. We study a concrete correspondence of the analytical result between the matrix model and the field theory. In this paper, we focus on a fuzzy sphere and a complex projective space. We show a wave functions/states correspondence of the zero modes of the Dirac operators under the 't Hooft-Polyakov monopole background on the continuous/fuzzy sphere. In addition, we propose a Laplacian for a scalar sector of the matrix model and obtain a concrete construction of it.
Introduction
Superstring theory is a promising candidate for a unified theory of all forces in nature.
However, superstring theory has vacua, which are degenerated infinitely. Therefore, superstring theory may have no predictions for our world, and a more fundamental theory is necessary.
Matrix models are proposed as nonperturbative formulations of superstring theory.
In this paper, we consider Ishibashi-Kawai-Kitazawa-Tsuchiya (IKKT) model with some deformations [1, 2] as an extradimensional model. It is believed that the degree of freedom of spacetime and matter fields are embedded into that of matrices. Therefore, constructing a method to read out such information is important. In this paper, we mainly focus on aspects of matter fields.
There are several attempts to analyze topological aspects like the index theorem. The index of a Dirac operator is important to confirm the realization of chiral fermions. In Ref. [3] , the authors proposed the general construction of a Ginsparg-Wilson (GW) Dirac operator on fuzzy manifolds. In addition, they proved the index theorem for a GW Dirac operator constructed by their method. In Ref. [4] , the authors showed the relationship of the Index theorem between the fuzzy sphere and the continuous sphere.
On the other hand, analytical aspects like wave functions are not obvious. In a extradimensional model, a coupling constant in four dimensions is calculated by an overlap integral of the wave functions on the extra dimensions. Therefore, it is important whether a wave function can be obtained from the result of matrix models. In addition, we have to consider scalar sectors if we keep in mind, for example, Yukawa couplings. We tend to concentrate on the discussion for fermions because of the structure of the standard model. However, we have to realize corresponding result with respect to the scalar sectors since matrix models should include corresponding structures.
In Ref. [5] , the author obtained the wave functions and the Yukawa couplings on the noncommutative magnetized torus. Identifying a matrix as an operator led us to the simple manipulation. The result was consistent with Ref. [6] . However, from the viewpoint of a regularization of field theories, we have to show such a correspondence in finite dimensional cases.
The purpose of this paper is to show an analytical correspondence for scalar and fermion sectors between the result of the matrix models for fuzzy manifolds and that of field theoretical models by considering a concrete model.
In this paper, we will focus on a fuzzy sphere and a complex projective space discussed in Ref. [7] . According to Ref. [7] , the 't Hooft-Polyakov (TP) monopole as a magnetic flux was important for the chirality and the generation structure. In addition, the authors derived the wave functions of the fermions and the scalar fields and calculated the Yukawa coupling. On the other hand, the TP monopole on the fuzzy sphere was introduced in Ref. [8] . In Refs. [4, 9] , the eigenvalue problem of the GW Dirac operator were discussed based on the su(2) algebra. However, there is no discussion of the correspondence between the wave functions and the states. Moreover, the eigenvalue problem of scalar sectors is not mentioned.
The organization of this paper is as follows. In Section 2, we briefly review the IKKT model for the fuzzy sphere. In Section 3, we review the GW algebra and the TP monopole on the fuzzy sphere. In Section 4, we will show the correspondence between the wave functions and the states by the coherent spin states. In Section 5, we will obtain a Laplacian, which is consistent with Ref. [7] , for the scalar sector. Section 6 contains conclusions and discussion. In the Appendix, we review the spin coherent states and discuss a simple extension of the scalar sector in the matrix model.
IKKT model and fuzzy sphere
In the IKKT model, the fuzzy sphere is realised as a classical solution of the variational problem. The action is defined as follows [2] ,
where X i (i = 1, 2, 3) and ψ is N ×N hermitian matrices, and ψ is a three-dimensional Ma- This action has N = 1 supersymmetry,
where ǫ is a three-dimensional Majorana spinor. This symmetry implies that Chern-Simons term must have the same parameter α with Majorana mass term.
Next, we consider the variational problem with respect to X i . If we set ψ = 0, it is
The simplest solution is that X i commutes each other. However, in such a case, we can
show that attractive forces act between the eigenvalues in the one-loop effective potential around this vacuum. Therefore, they do not spread, and the correspondence with the original theory does not hold. It is known that we need to consider more conditions on gauge groups [11, 12] .
An interesting solution of eq. (2) is that X i satisfies the algebra of the fuzzy sphere,
i.e.,
If we define X i = αL i ,L i satisfies the su(2) algebra. Accordingly, we can consider the quadratic Casimir operator with spin L (2L + 1-dimensional) representation,
On the matrix algebra Mat(2L + 1), the su(2) algebra can act either on the left or on the right. In the following, we denoteL L i and −L R i , respectively. Both of the operators have the spectrum L(L + 1). In the α → 0, X i becomes usual spherical coordinate,
where R is the radius of the corresponding sphere.
Therefore, the fuzzy sphere can be realized dynamically from the action (1).
3 Dirac operator and 't Hooft-Polyakov monopole on fuzzy sphere
Ginsparg-Wilson algebra and Dirac operator
Dirac operators are fundamental objects to analyze phenomenological aspects in extradimensional models since its zero modes may correspond to the standard model particles. In continuous manifold cases, we can construct a Dirac operator from a metric or a vielbein.
However, in fuzzy manifold cases, their concepts are less specific than continuous cases.
In Ref. [3] , the authors proposed a method that is valid on any fuzzy manifolds to construct a Ginsparg-Wilson (GW) Dirac operator based on the GW algebra. In Ref. [9] , there are discussion to complement Ref. [3] .
The GW algebra A GW is defined as the unital * -algebra over C generated by Γ, Γ ′ such as
where * is a conjugate (in the following, we interpret as the Hermitian conjugate) and an associated algebraic operation is the matrix algebra.
A GW Dirac operator D GW is defined as an element of A GW [3] such that
where a is a parameter which corresponds to a lattice spacing. We assume that f (a : Γ)
has an inverse element. Since the GW Dirac operator satisfies
then we can prove the index theorem
In the following, we consider
't Hooft-Polyakov monopole on fuzzy sphere
In this subsection, we consider how to introduce the 't Hooft-polyakov (TP) monopole on the fuzzy sphere. According to Ref. [8] , the TP monopole on the fuzzy sphere is realized as an extra angular momentum operator for the fuzzy sphere algebra. The TP monopole on the fuzzy sphere is also considered in Ref. [4] .
In the continuous manifold cases, a non-trivial vector bundle can be realized by a projection from a trivial bundle [13, 14] . For the 't Hooft monopole bundle with the monopole charge ±N on a sphere, the projection operator is given by
where n i (i = 1, 2, 3) is a unit vector on the sphere.
In the fuzzy sphere, the analogous operator for the monopole charge ±1 is given by
where x i (i = 1, 2, 3) is an element of the fuzzy sphere algebra satisfies 3 i=1 (x i ) 2 = 1. However, this operator does not work as a projection operator since x i does not commute each other. On the other hand, if we consider a generator of su(2) algebraT i with the spectrum T (T + 1), then
is an idempotent operator remarked in Refs. [15, 16] 1 . If we combineT i and 1 2 σ i into the generatorK (+1) i :=T i + 1 2 σ i with the spectrum K(K + 1), (K = T ± 1 2 ), the operator p (+1) can be interpreted as the projection operator into K = T + 1 2 subspace,
From this, we can construct the projection operator for the monopole charge +N,
Similarly, the projection operator for the monopole charge −N can be constructed from the minimum value K min = T − N 2 . Therefore, the 't Hooft-Polyakov monopole on the fuzzy sphere can be constructed by an extra angular momentum operator.
Dirac operator
As in the subsection 3.1, a GW Dirac operator can be realized as an element of the GW algebra. In Ref. [9] , the GW algebra for the TP monopole background on the fuzzy sphere is given by
whereT i with the spectrum T (T +1) corresponds to the extra angular momentum operator in the subsection 3.2. In addition, we have to constraint ourselves intoL L i +T i with the spectrum (L ± T )(L ± T + 1). From the definition, the square of D GW is given by
If we define the generator J i =L L i −L R i +T i + 1 2 σ i with the spectrum J(J + 1), then J = T − 1 2 is the zero mode states with the degeneracy is 2T . This result is consistent with the index theorem for the corresponding sphere.
Wave function/state correspondence
As in the subsection 3.3, the zero modes of D GW are written by the states of the angular momentum J i . The topological aspect like the index is the same with the continuous sphere. However, the analytical aspect like wave function is not yet obvious. In the continuous case, wave functions are important to calculate four-dimensional coupling constants like Yukawa couplings through overlap integrals.
In this section, we derive wave functions obtained in Ref. [7] from the zero mode states by using the coherent spin states [17] 2 . We review the basics of the coherent spin states in Appendix A.
The coherent spin state corresponding the zero mode state of D GW is given by
where N is a normalization factor. In our case, there are 2T zero mode states in the area 4πR 2 . Therefore, we require the normalization factor satisfying
and hence the normalized state is written as
Then, we can derive the wave functions obtained in Ref. [7] by the inner product
On the other hand, we have to define the integral measure m(|z| 2 ) ≥ 0 to satisfy
Eq. (5) requires m(|z| 2 ) = 4R 2 1 (1+|z| 2 ) 2 , and the integral
is just the integral over the sphere with the metric ds 2 = 4R 2 (1 + |z| 2 ) 2 dzdz.
Scalar sector with 't Hooft-Polyakov monopole on fuzzy sphere
So far, we considered the fermionic sector on the fuzzy sphere with the TP monopole. On the other hand, We have to mention about a scalar sector. In Ref. [7] , there is no scalar zero modes while the magnetic flux is zero. For the lowest modes, the wave function φ(z,z) and its mass m 2 are given as
in our notation. The difference from fermions is the magnetic flux 2T → 2T + 1 (T − 1 2 → T ). From this, we expect the Laplacian is given by
where K i =L L i −L R i + T i with the spectrum K(K + 1) and the corresponding states are labeled by K = T . However, according to Appendix B, the simple extension is not appropriate since there is no −T 2 term.
To construct the expected Laplacian, we consider
where we also constraint ourselves intoL L i +T i with the spectrum (L ± T )(L ± T + 1). These are Γ ± and Γ ′ without the spinor and the curvature contributions (σ i and 1/2 factor, respectively). Then, R 2 ∆ GW can be realized by
This is a natural construction since the scalar sector does not have the spinor index and the curvature does not affect the scalar sector.
Conclusions
In this paper, we have studied the reconstruction of the local model proposed in Ref. [7] based on the matrix model. In section 4, we reconstructed the zero mode wave functions which are derived in Ref. [7] from zero mode states under the TP monopole background on the fuzzy sphere by using the coherent spin states. In section 5, we proposed the Laplacian, which has the appropriate eigenvalue, and obtained the concrete construction.
For the scalar sector, our construction is interesting. Our construction may be valid for other fuzzy manifolds since the method of the GW algebra is valid on any fuzzy manifolds. However, in general, identifying the spinor and curvature contributions are difficult. Therefore, it is important to construct other models where we can identify them.
We are also interested in the intersecting model of the fuzzy spheres. In Refs [18, 19] , the authors realized chiral fermions by using the numerical calculation. On the other hand, for the fuzzy sphere, the analysis from the viewpoint of angular momentum was effective. Therefore, we think that there is scope for analytical discussion like Ref [20] , but it is our future work. 
B Action for scalar sector
In this subsection, we consider a simple extension of the action for a scalar sector. Usually, an action of the matrix model for a scalar sector without the TP monopole on the fuzzy sphere is written by
where Φ is a Hermitian matrix andL i = [L i , ·] =L L i −L R i is the su(2) generator with the spectrum L(L + 1), L ∈ {0, . . . , 2L}.
The TP monopole on the fuzzy sphere can be introduced by substitutingK i :=L i +T i forL i . Therefore, the action of the matrix model for a scalar sector under the TP monopole background on the fuzzy sphere is written by S = Tr −Φ(K i ) 2 Φ = Tr (−K(K + 1)ΦΦ) .
As we mentioned in the subsection 3.3, we need to consider the projection of the spectrum ofL L i +T i into (L ± T )(L ± T + 1). This implies that K runs from T to 2L ± T .
